We give a topological description of the two-row Springer fiber over the real numbers. We show its cohomology ring coincides with the oddification of the cohomology ring of the complex Springer fiber introduced by Lauda-Russell. We also realize Ozsváth-Rasmussen-Szabó odd TQFT from pullbacks and exceptional pushforwards along inclusion and projection maps between hypertori. Using these results, we construct the odd arc algebra as a convolution algebra over components of the real Springer fiber, giving an odd analogue of a construction of Stroppel-Webster.
Introduction
Arc algebras, denoted H n n , were introduced by Khovanov [14] to extend his link homology theory [13] to tangles. His invariant associates to a tangle with 2n bottom and 2m top points an object in the homotopy category of H m m -H n n -bimodules. Stroppel [26] and independently Chen-Khovanov [7] later defined generalized arc algebras H n´k k , and their quasi-hereditary covers K n´k k , which allow to extend the invariant to all tangles. These algebras are studied in depth by Brundan-Stroppel in the series of papers [3, 2, 4, 5] . They can also be generalized further to sl n -type [18, 17, 28, 29] , and to other types [9, 10] .
Arc algebras are closely connected to two-row Springer fibers, that is, varieties of flags of vector spaces fixed by a nilpotent operator with two Jordan blocks. In fact, Khovanov [15] showed that the center of H n n is isomorphic to the cohomology ring of the complex pn, nq-Springer fiber B n n pCq, and Stroppel-Webster [27] gave a geometric construction of H n´k k and K n´k k as convolution algebras built from the cohomology of the irreducible components of B n´k k pCq. Another connection arises from 2d-TQFTs. Khovanov homology is originally built using the 2d-TQFT associated to the Frobenius algebra ZrXs{pX 2 q, which coincides with the cohomology ring H˚pS 2 q of the two-sphere S 2 . As conjectured by Khovanov [15] and proved by Wehrli [31] , Russell-Tymoczko [24] and Russell [23] , the complex two-row Springer fiber B n´k k pCq is homeomorphic to the topological complex Springer fiber, a union of certain 'diagonals' in pS 2 qˆ2 n . This prompted a geometric construction of Khovanov homology by the third author [32] using a setup of pullbacks and (exceptional) pushforwards along maps between irreducible components of B n´k k pCq. In another direction, Ozsváth-Rasmussen-Szabó [21] introduced odd Khovanov homology for links, an invariant different from the classical (or 'even') Khovanov homology. It arises from a chronological TQFT OF : ChCob Ñ Z -gmod, where ChCob is the category of chronological cobordisms as developed by Putyra [22] , and Z -gmod is category of graded abelian groups. This chronological TQFT was used by Vaz and the second author [20] in their construction of an odd arc algebra OH n n , and by Putyra and the second author in [19] in their extension of odd Khovanov homology for links to tangles.
This raises the natural questions how the above connections between arc algebras and Springer fibers can be transferred from the even to the odd world.
As a first step to answer this question, [20] introduced the topological odd Springer fiber T n n , a topological space similar to the topological complex Springer fiber, but replacing 2-spheres S 2 with circles S 1 . Then, isomorphisms between the graded center of OH n n , the cohomology ring H˚pT n n q and the 'oddification' OH˚pB n n pCqq of H˚pB n n pCqq, as defined by Lauda-Russell [16] , are constructed.
The goal of this paper is to further the analogies between the even and the odd world by providing a geometric construction of the chronological TQFT OF , odd Khovanov homology and odd arc algebras, similar to the even case described above. The starting point is the simple observation that there are homeomorphisms P 1 pCq -S 2 and P 1 pRq -S 1 . This suggests the following idea, which we explore here: the real Springer fibers B n´k n pRq should play the same role in the odd world as the complex Springer fibers B n´k n pCq do in the even world.
Main results. First, we show that the topological odd Springer fiber T n´k k , extended to the pn´k, kq-case from [20] , is homeomorphic to the two-row real Springer fiber: Extending the results from [20] , we show that the oddification from [16] of the cohomology of the complex pn´k, kq-Springer fiber is isomorphic to the cohomology ring of T n´k k .
As an upshot, we obtain a combinatorial description of the cohomology ring of the real pn´k, kq-Springer fiber: We then explain how the chronological TQFT OF : ChCob Ñ Z -gmod from [21] can be obtained from pullbacks and (exceptional) pushfowards along certain inclusion and projection maps between real hypertori. We formalize this by introducing the monoidal category Man Ñ Ð of closed oriented manifolds and zig-zags of continuous maps between them (see Definition 4.3) . Denote by H˚: Man Ñ Ð Ñ Z -gmod the cohomology functor, sending covariant maps to pushforwards and contravariant maps to pullbacks. We show that there exists a monoidal functor Top : ChCob Ñ Man Ñ Ð , such that we have the following: Using this result, we mimic the construction in [27] in order to present the odd arc algebra OH n´k k as a convolution algebra with product ‹ f over the components tT a u aPB n´k k of the real pn´k, kq-Springer fiber. The construction agrees with the odd arc algebra OH n n from [20] , and generalizes to an odd version OK n´k k of the quasi-hereditary arc algebra K n´k k . Futhermore, by the same arguments, we also obtain that the complexes of bimodules used to define odd Khovanov homology for tangles in [19] arise from similar geometric constructions with convolution products.
Finally, we show that the 'odd' center OZpOH n´k k q of the odd arc algebra coincides with the cohomology of the real pn´k, kq-Springer fiber, using the same arguments as in the pn, nq-case considered in [20] . We are concerned with the two-row case λ " pn´k, kq, where we assume w.l.o.g. k ď n{2, and abbreviate B n´k k :" B λ .
2.2.
Topological real Springer fiber. Denote by S 1 :" tpx, yq P R 2 | x 2`y2 " 1u the 1-sphere and by p :" p0, 1q its north pole. Let T n :" pS 1 qˆn be the n-dimensional torus. The topological real Springer fiber is a union of certain diagonal subsets in T n labelled by crossingless matchings. It is an extension the construction of the (two-row) topological real Springer fiber from [20] and following the topological description of the complex two-row Springer fiber but replacing 2-spheres by 1-spheres.
Definition 2.1. A crossingless matching of type pn´k, kq is a combinatorial datum represented by a way of connecting n points on a horizontal line by placing below k arcs and n´2k semi-infinite vertical rays, without having them crossing each others. Each endpoint of an arc/ray is connected to a single point and we cannot have two arcs/rays connected to the same point.
We write B n´k k for the set of crossingless matchings of type pn´k, kq. For a P B n´k k we write pi, jq P a if there is an arc in a connecting the ith point to the jth one, counting from left. Similarly, we write piq P a if there is a ray connected to the ith dot.
Here is an example of a p8´3, 3q crossingless matching:
where p5q P a and p8q P a, and p1, 4q P a, p2, 3q P a and p6, 7q P a. Definition 2.3. For a P B n´k k we define the space T a;n´k,k :"
.
Then, we write T n´k k :" ď aPB n´k k T a;n´k,k Ă T n .
We refer to T n´k k as the topological real Springer fiber.
Remark 2.4. This topological real Springer fiber is what we refer to as 'topological odd Springer fiber' in the introduction.
For the sake of simplicity, we will usually drop the n´k, k notation in T a;n´k,k , and only write T a , assuming it is clear from the context.
In the remainder of this section will prove the following theorem. A topological description in the k " n{2 case was conjectured by Khovanov [15] and proven by Russell and Tymoczko [24] and Wehrli [31] . This was later generalized to arbitrary k by Russell [23] (see also [32] ).
The main idea is to embed B n´k k pCq into an ambient space Y n pCq, which was introduced and shown to be diffeomorphic to P 1 pCq n by Cautis and Kamnitzer [6] . The irreducible components of B n´k k pCq, which have been described in the work of Spaltenstein [25] , Vargas [30] and Fung [11] , then admit an explicit description as certain 'antidiagonal' subsets of P 1 pCq n labeled by crossingless matchings.
Fix some integer N ě n. Denote the standard basis of F 2N by e 1 , . . . , e N , f 1 , . . . , f N and the map with Jordan blocks pN, Nq by z. Hence
Let Y n pF q be the following set of partial flags of subspaces of F 2N preserved by z
In fact, Y n pF q is the set of F -points of a smooth projective variety Y n . We will identify B n´k k with a closed subvariety in Y n , such that
In general, Y n is a tower of algebraically non-trivial projective bundles. The complex points Y n pCq, interpreted as a smooth manifold, however split diffeomorphically into a product Y n pCq -P 1 pCq n .
To see this, denote the standard basis of C 2 by e, f and define a linear map C : C 2N Ñ C 2 , Cpe i q " e and Cpf i q " f.
Equip C 2N and C 2 with the standard Hermitian inner product, and denote P 1 pCq " PpC 2 q. Consider the map
For a crossingless matching a P B n´k k , define P a pCq :" pL i q i"1,...,n | L i " L K j if pi, jq P a and L i " xey C if piq P a Denote by Γ " xσy " GalpC{Rq the Galois group of C over R, where σ denotes complex conjugation. Let m P N be some integer. Then, Γ acts coordinatewise on C m . This action is antilinear and we identify the fixed point set pC m q Γ with R m . We equip R m and C m with their standard (Hermitian) inner product.
We will need the following standard facts.
There is a bijection between Γ-stable subspaces of the complex vector space C m and subspaces of of the real vector space R m given by
The bijection is inclusion and intersection preserving, and dim C pV q " dim R pV Γ q.
(2) Let V Ă C m be a subspace. Then
Let X be an algebraic variety defined over a subring of R. Then, Γ acts on the set of complex points XpCq of X by complex conjugation, and one can identify the set of real points XpRq of X as Γ-fixed points in XpCq XpRq -XpCq Γ . Example 2.9. (1) Denote the set of flags in F m by
Then, XpF q is the set of F -points of the flag variety X, which is defined over Z. The group Γ acts on V ‚ P XpCq via V i Þ Ñ σpV i q. Hence, the fixed points XpCq Γ are Γ-stable flags in C m , which are naturally identified with flags in R m via
(2) In the same way, the spaces Y n , B n´k k and pP 1 q n are algebraic varieties defined over Z, and we can identify
(3) The set P n´k n pCq Ă P 1 pCq n is not a subvariety since its definition involves complex conjugation. Still, the action of Γ on P 1 pCq n restricts to an action on P n´k n pCq using Proposition 2.8 (2) . The set of Γ-fixed points can then be identified with P n´k n pRq which is defined as follows. For a crossingless matching a P B n´k k , define P a pRq :" pL i q i"1,...,n | L i " L K j if pi, jq P a and L i " xey R if piq P a ( Ă P 1 pRq n , and let P n´k n pRq :"
It is clear that the natural identification pP 1 pCq n q Γ -P 1 pRq n descends to P n´k n pCq Γ -P n´k n pRq.
Putting everything together we can now proof Theorem 2.5.
Proof of Theorem 2.5. First, Theorem 2.7 provides us with the commutative diagram
where the vertical arrows are closed embeddings and the horizontal arrows are homeomorphisms.
As described in Example 2.9, there is an action of the Galois group Γ on the spaces in the diagram. The action clearly commutes with the vertical arrows which are inclusions. To see that ℓ C commutes with the action of Γ we use Proposition 2.8 and that C is compatible with complex conjugation.
By passing to Γ-fixed points and using the identifications from Example 2.9, we obtain the diagram
Recall that S 1 :" tpx, yq P R 2 |x 2`y2 " 1u denotes the 1-sphere with northpole p :" p0, 1q and that the odd topological Springer fiber T n´k k is defined as a certain subspace of T n :" pS 1 q n .
Choose a diffeomorphism Ψ : P 1 pRq » Ý Ñ S 1 which maps xey R to p and xf y R to´p. Consider the diffeomorphism Φ : P 1 pRq n Ñ T n , pL 1 , L 2 , L 3 , L 4 . . . q Þ Ñ pΨpL 1 q, ΨpL K 2 q, ΨpL 3 q, ΨpL K 4 q, . . . q. It is clear by the definitions that Φ identifies the subspaces P n´k n pRq and T n´k k , and the statement is proven. Remark 2.10.
(1) The proof shows that Y n pRq is diffeomorphic to the direct product P 1 pRq n . We want to remark that this is not immediately implied by the fact that Y n pCq and P 1 pCq n are diffeomorphic. For example, let F n " PpO'Opnqq be the Hirzebruch surface of degree n P Z, that is, the projectivization of the vector bundle O ' Opnq on P 1 . Then, F n pCq is diffeomorphic to the product P 1 pCq 2 . But the real points F n pRq are diffeormorphic to the product P 1 pRq 2 if and only if n is even. If n is odd, F n pRq is diffeomorphic to a Klein bottle. The proof shows that "there are no Klein bottles" in Y n pRq, or in the real Springer fiber B n´k k pRq.
(2) In [32] , the third author extends the topological description of complex two-row Springer fibers to complex two-row Spaltenstein varieties, which are a partial flag generalization of Springer fibers. It is easy to check that the descend arguments from above also work in this case and hence yields a topological description of real two-row Spaltenstein varieties.
(3) One of the original motivations of Cautis-Kamnitzer to consider Y n pCq comes from the geometric Satake equivalence which links the representation theory of SL 2 pCq with the geometry of the affine Grassmannian GrpCq of PGL 2 pCq. Under this equivalence the n-fold tensor product V bn of the fundamental representation V of SL 2 pCq corresponds to a certain n-fold convolution product Gr ω˜. . .˜Gr ω pCq of a Schubert variety Gr ω pCq Ă GrpCq corresponding to the highest weight ω of V. They prove that the varieties Gr ω˜. . .˜Gr ω and Y n are isomorphic. Hence, the convolution product Gr ω˜. . .˜Gr ω pRq in the real affine Grassmannian is isomorphic to Y n pRq.
Cohomology of real two-row Springer fibers
In [16] , Lauda and Russel define the odd cohomology of the complex Springer fiber OH˚pB n´k k pCqq in an ad hoc way, using generators and relations. For this, they slightly modify a description of the cohomology ring of the complex Springer fiber H˚pB n´k k pCqq by letting the generators anti-commute instead of commute, and modifying the relations accordingly. The goal of this section is to show that OH˚pB n´k k pCqq is isomorphic to the singular cohomology of the real Springer fiber H˚pB n´k k pRqq. We thereby obtain an explicit algebraic description of H˚pB n´k k pRqq. In order to do this, we will use make use of homeomorphism T n´k k -B n´k k pRq of Theorem 2.5, and work with the space T n´k k . From now on, we will always write H˚pMq " H˚pM, Zq for the integral singular cohomology ring of a topological space M. Similarly H˚pMq denotes the homology over Z.
3.1.
Odd cohomology of complex Springer fibers. We recall Lauda-Russel's definition of OH˚pB n´k k pCqq from [16] . Define the ring of odd polynomials as OPol n :"
Let S be an ordered subset of tx 1 , . . . , x n u, and write
where Spiq is the position of x i in S. Then, define the odd partially symmetric functions
The odd Tanisaki ideal OI n´k k is the left ideal of OPol n generated by the elements In general, the odd cohomology of a complex Springer fiber does not possess a ring structure (at least not induced by the polynomial ring structure). However, in the two-row case, it does. This is because x 2 i P OI n´k k for all i, and therefore OI n´k,k is a two-sided ideal.
Cohomology of the components of T n´k k
. For a P B n´k k , we write a for the mirror image of the crossingless matching across the horizontal line. For b P B n´k k , we denote by ba the circle diagram given by gluing b on top of a. It yields a disjoint collection of circles and infinite strands. We write |ba| for the number of closed components (i.e. circles) in the resulting diagram.
, we have for example:
and thus |ba| " 1.
Each component T a;n´k,k is homeomorphic to T k , and thus
H˚pT a q -ľ ‚ xX 1 , . . . , X k y.
The intersection T b X T a is homeomorphic to T |ba| , unless there is a pair of connected ascending (resp. descending) rays in ba, in which case T b X T a is empty.
and we obtain ba " ca " aa " .
Thus, we have
One can describe H˚pT a q diagrammatically using dotted crossingless matchings of shape a. These are crossingless matchings which can carry an extra decoration on their arcs (not on the rays), which we draw as a dot. For example we can have:
A diagram with two or more dots on the same arc is defined to be zero. Each cup corresponds with a copy of S 1 in T k -T a , and decorating it with a dot corresponds to the top cohomology class of S 1 .
Similarly, we describe the cohomology ring H˚pT b X T a q by dotted circles diagrams of shape ba, with dots only on closed components, and two dots on the same component is zero. For example, we can have the following:
We consider these diagrams up to sliding of dots on the arcs, with the rule that there can be no two dots at the same height, and exchanging two distant dots gives a minus sign. Then, the map H˚pT a q Ñ H˚pT b X T a q induced by the inclusion T b X T a ãÑ T a is given by gluing a dotted crossingless matching of shape a below the crossingless matching b. Similarly, H˚pT b q Ñ H˚pT b X T a q is given by gluing on top. We still have the rule that a dot on a ray (or open component) is zero, and two dots on the same component is zero.
3.3. Geometric realization of OH˚pB n´k,k q. Our goal now will be to show the following theorem, which is a generalization of one of the main results in [20] : 3.3.1. Cell decomposition. As in [23] (generalizing [15] ), we construct a cell decomposition of T n´k k . The main difference is that in our case the cells can also be of odd dimension, since we work with copies of S 1 and not S 2 . Visually, we can draw this as
Then, we define a partial order on B n´k k by saying a ă b if there exists a chain of arrows a Ñ a 1 Ñ¨¨¨Ñ a m Ñ b. We extend this order arbitrarily to a total order ă on B n´k k . For a P B n´k k , let Γ be the graph with vertices given by arcs of a (hence Γ has k vertices), and there is an edge between v and w in Γ whenever there exists b P B n´k k such that b Ñ a and b is obtained from a by only reconnecting the endpoints of v and w. In other words, there is an arc between v and w if one is contained in the other, without any other arc in-between. Let M be the set of roots of Γ (i.e. outermost arcs of a) and E be the set of edges. For an arc v " pi, jq P a we write v 1 :" i and v 2 :" j.
For each subset J Ă E \ M we construct a cell cpJq Ă T a Ă T n by setting px 1 , . . . ,
Basically, all results from [23, §3.3] (and their duals as in original Khovanov's paper [15] ) hold for the odd case. However, the existence of cells in odd degree add some subtleties. For example, it is not immediate that he inclusion
It is however still true and can be shown using an observation made in [20, Lemma 4.25] :
Lemma 3.6. The map H˚pT a q Ñ H˚pT ăa X T a q induced by the inclusion T ăa X T a ãÑ T a is surjective.
Proof. Note that |E \ M| " k. Thus, the cell decomposition of T a described above has the same number of ℓ-dimensional cells as the rank of H ℓ pT a q, since T a -T k . Hence, characteristic functions on them are independent generators for the cohomology. By [23, Lemma 3.12] , which can be directly converted to the odd case, the cell decomposition of T a restricts to a cell decomposition of T ăa X T a . Therefore, H ℓ pT ăa X T a q is free and
There is a Mayer-Vietoris sequence associated to the union T ďa :" T ăa Y T a . By exactness of it and Lemma 3.6, we deduce its boundary maps are all zero. As a consequence, we get the following proposition, which is the odd version of the dual of [23, Theorem 3.25].
Proposition 3.7. The following sequence is exact
where φ is induced by the inclusions T b ãÑ T ďa , and where we put
As a direct corollary, by taking a maximal, we obtain: Similarly as in [15] , the inclusion T n´k k ãÑ T n induces a surjective (see Lemma 3.13 below) map H˚pT n q Ñ H˚pT n´k k q. Composition with projection T n ։ S 1 onto the ith factor induces a map H˚pS 1 q Ñ H˚pT n´k k q. We write X i P H˚pT n´k k q for the image of the generator of H˚pS 1 q under this map. Let a i P H˚pT a q be the dotted crossingless matching given by putting a dot on the arc connected to the ith endpoint, if there is one, and zero if it is a ray. Then, the map H˚pT n´k k q Ñ H˚pT a q induced by the inclusion T a ãÑ T n´k k sends X i to a i . From that, we deduce the map in Note that in contrast to the even case [15] , there is no sign involved here. This is similar to the disappearance of the sign in the odd nilHecke algebra in [19] .
We will now focus on proving that OC n´k k Ă ker h 0 . In fact, we will prove that OC n´k . Then, we compute h a p´x 1 x 2 q "´" 0, h a p´x 1 x 3 q "´" 0, and h a p´x 1`x2´x3`x4 q "´`´`" 0.
Thus,´x i x j P kerph a q and´x 1`x2´x3`x4 P kerph a q.
Let S Ă tx 1 , . . . , x n u with |S| " k`ℓ. For each R " tx i 1 , . . . , x ir u Ă S we write
Let E 2k be the subset of tx 1 , . . . , x n u such that x i P E 2k if piq R a (i is not connected to a ray, thus is connected to an arc). Clearly, |E 2k | " 2k and
since h a px i q " 0 whenever piq P a. This means that we can forget about all rays and apply results that hold for B k k . Therefore, all arguments in [20, §4] apply directly to the general case, and we have OC n´k,k Ă ker h a . In particular, we get the following: 
Injectivity of h.
To show that h is injective, it is enough to show that its reduction modulo 2 is injective, since h is a morphisms between free groups. For this, we use the fact that the even and odd cohomology coincide modulo 2.
Proof. By [16] we know that H˚pT a q are the same modulo 2. All of this means the following diagram is commutative: 
Geometric contruction of Ozsváth-Rasmussen-Szabó odd TQFT
In [27, 32] Stroppel-Webster and the third author describe a geometric realization of the TQFT associated to the Frobenius algebra ZrXs{pX 2 q, using pullbacks and pushwards along maps associated to certain diagonal maps and projections between product of 2spheres. In [21] Ozsvath-Rasmussen-Szabo define an odd version of this TQFT. This section shows that there is also a geometric realization of the odd TQFT obtained by replacing 2-spheres by 1-spheres in [27, 32] . To do so, we first recall an algebraic definition the odd TQFT using the presentation given in [22] , and we discuss some general results for pullbacks and pushforwards maps in cohomology. [22] that a chronological cobordism is a 2-cobordism equipped with a framed Morse function that separates critical points, in the sense of Igusa [12] . Concretely, it means, that the cobordism is equipped with a height function such that there are no two critical points at the same height (i.e. saddle point or cup/cap), and saddle points and cap are given an orientation. We picture these cobordism by diagrams read from bottom to top, and the orientation is given by an arrow.
These chronological cobordism form a monoidal category ChCob where object are disjoint union of circles and morphism are chroncological cobordisms between them (up to some isotopy equivalences, see [22] for details). Vertical composition is given by gluing along the boundary as usual, and horizontal composition of object is given by disjoint union. The horizontal composition is given by right-then-left juxtaposition of cobordisms, pushing all critical points of the cobordism on the left to the top: 
W
The morphism spaces in ChCob are generated by the five elementary cobordisms: merge split birth positive death negative death with a twist acting as a symmetry, turning ChCob into a symmetric monoidal category. The unit object is given by the empty space H. Also note that (pre)composing a split (resp. merge) with the twist gives the split (resp. merge) with opposite orientation.
Monoidal category of graded abelian groups.
Recall that a graded group is a group with a decomposition G "
Let Z -gmod be the graded category of graded abelian groups, that is the category where object are Z-graded abelian groups, and maps are sums of homogenenous maps. It is a monoidal category where the graded tensor product is
Given two homogeneous maps f : M Ñ M 1 and g : N Ñ N 1 , the tensor product map is given by
for homogeneous elements m P M and n P N. Note that |f b g| " |f |`|g|. The unit object is given by Z. Also, we have pf b gq˝pf 1 b g 1 q " p´1q |g||f 1 | pf˝f 1 q b pg˝g 1 q, and in particular for invertible f and g, we obtain pf b gq´1 " p´1q |f ||g| pf´1 b g´1q.
The category Z -gmod also comes with a symmetry τ M,N :
Definition of OF . We now define the odd TQFT
OF : ChCob Ñ Z -gmod, as a monoidal functor. Let A :" v`Z ' v´Z be a 2-dimensional graded abelian group with |v`| :" 0 and |v´| :" 1. We put OF pS 1 q :" A.
Thus, a collection of m circles is sent to the graded tensor product of m copies of A.
Then, we define OF on each elementary cobordism:
and the twist is sent to τ A,A . Note that we have OF¨‚" OF¨‚, OF¨‚"´OF¨‚. If X and Y are furthermore closed (i.e. compact and without boundary) oriented manifolds of dimension |X| and |Y | respectively, one can also construct an exceptional pushforward map ϕ ! : H˚pXq Ñ H˚pY q.
For this, we fix a choice of orientation for X and Y , that is a choice of fundamental class rf X s P H |X| pXq and rf Y s P H |Y | pY q. Then, Poincaré duality gives an isomorphism P X : H˚pXq » Ý Ñ H˚pXq by capping with the fundamental class:
and similarly for Y . The pushforward ϕ ! is defined in terms of the following commutative diagram:
H˚pXq H˚pY q
H˚pXq H˚pY q.
We consider H˚pXq and H˚pXq in Z -gmod, where H i pXq is in degree i and H i pXq in degree´i. With this convention, the cap product ": H i pXqˆH j pXq Ñ H j´i pXq preserves the grading. In particular, the Poincaré isomorphism P X : H˚pXq » Ý Ñ H˚pXq has degreé |X|. Thus, the pushforward ϕ ! : H˚pXq Ñ H˚pY q has degree |ϕ ! | " |Y |´|X|.
4.2.1.
Pushfowards and the Künneth formula. Let X, X 1 , Y and Y 1 be closed oriented manifolds with torsion-free homology groups. Let rf X s and rf Y s be their respective fundamental classes. Consider the products XˆY (resp. X 1ˆY 1 ) equipped with orientation induced by X and Y (resp. X 1 and Y 1 ), that is rf XˆY s :" rf X sˆrf Y s. Suppose we have continuous maps ϕ : X Ñ X 1 and ψ : Y Ñ Y 1 . Proof. For x b y P H˚pXq b H˚pY q, we compute
using the cross/cap product formula 
where all the vertical maps are given by the Künneth theorem. The back face commutes by naturality of the Künneth formula. The face at the bottom commutes by definition of the pushforward. By Lemma 4.1, the left and right faces commute. The face at the top commutes up to p´1q |ϕ ! ||Y 1 | " p´1q |Y 1 |p|X|´|X 1 |q for degree reasons, and by the definition of the pushforwards. Therefore, the front face also commutes up to this term.
This means that there is a covariant functor from the category of closed oriented manifolds with torsion-free homology groups to Z -gmod. It sends a space to its cohomology and a continuous map to its pushfoward. It is almost monoidal in the sense that it sends a cartesian product to the graded tensor product. However, it is not truly a monoidal functor because the coherence isomorphism between two tensor products is only natural up to sign. to be the category where objects are closed oriented manifolds with torsion-free homology groups, and maps are chains of continuous maps (between such spaces) going alternatively in one direction and the other. The composition is given by concatenation of chains and reduction by composition of maps whenever two continuous maps go in the same direction.
Let H˚: Man Ñ Ð Ñ Z -gmod be the functor that associate to a space its cohomology. A chain of continuous map is sent to the composition of their respective pullback or pushfoward (depending on the direction). For example:
4.3.
Geometric construction of OF . Let T 0 :" t0u be a point, such that T mˆT 0 -T m .
Recall that
H˚pT m q -A bm , as a graded abelian group, for all m ě 0, with in particular H˚pT 0 q -Z. By the Künneth theorem, we have a commutative diagram
Consider the maps
Lemma 4.4. We have ∆˚:
and τ˚-τ A,A .
Proof. It is immediate by working with cellular cohomology and identifying v`in A with the dual of the 0-cell and v´with the dual of the 1-cell inside of T 1 .
Note that under OF , ∆˚agrees with of a merge and ε˚with a birth.
Lemma 4.5. We have
where s P t˘1u depends on the choices of orientations for T 1 and T 2 .
Proof. The idea of the proof is to use the cup/cap formula
for β, γ P H˚pXq and ras P H˚pXq, and evaluate against elements in cohomology. Let ras be a generating 1-cell in T 1 and α be its dual, and assume ras gives the orientation of T 1 . Thus, P T 1 p1q " ras and P T 1 pαq " 1.
Let rbs and rcs be the generating 1-cells in T 2 such that ∆˚prasq " rbs`rcs, and let β and γ be their respective dual. We have rf T 2 s "´sprbsˆrcsq for some s P t˘1u. Then, we have pβ ! γq`rbsˆrcs˘(
3)
" prbsˆrcsq " pβ ! γq (2) "´1.
Also, we have, P T 2 p1q "´sprbsˆrcsq, and we compute β`P T 2 pβq˘" 0, β`P T 2 pγq˘"´sβ`prbsˆrcsq " γ(
"´spγ ! βq`rbsˆrcs˘(
4)
"´s, γ`P T 2 pβq˘"´sγ`prbsˆrcsq " β˘γ`P T 2 pγq˘" 0.
"´spβ ! γq`rbsˆrcs˘(
" s, Thus, P T 2 pβq " srcs and P T 2 pγq "´srbs, and by Eq. (4), P T 2 pβ ! γq " s.
Using these results, we compute
We conclude by identifying α Þ Ñ v´, and β Þ Ñ v´b v`, γ Þ Ñ v`b v´and β ! γ Þ Ñ v´b v´.
Lemma 4.6. We have
where s P t˘1u depends on the choices of orientations for T 1 and T 0 .
Proof. Let ras be a choice of fundamental class for T 1 and α be its dual. Let s P t˘1u be a choice of orientation for T 0 . We compute ε˚p1q " 1 and ε˚prasq " 0. Thus, ε ! pαq " s and ε ! p1q " 0.
These lemmas mean that ∆ ! and ε ! correspond to OF of a split and of a death, with the sign encoded by the orientation in the odd TQFT being encoded in the choice of orientations of the source and target spaces. Note that in contrast with the even case [27, 32] , where by making a coherent choice of orientation we recover an actual TQFT, there is no reason to choose one orientation convention over one another in the odd case.
There is a monoidal functor Top : ChCob Ñ Man Ñ Ð sending S 1 to S 1 , the disjoint union product to the cartesian product, a merge to ∆˚, a split to˘∆ ! (the sign depending on the orientation of both the cobordism and the source and target of ∆), a birth to ε˚, a death to ε ! , and the twist to τ˚. We also compute the following, for later use:
where s P t˘1u depends on the choices of orientations for T 0 and T 1 .
Proof. Let ras be a choice of fundamental class for T 1 and α be its dual. Let s P t˘1u be a choice of orientation for T 0 . We have η˚p1q " 1. Thus, η ! p1q " sα.
Odd arc algebras
We first define the generalized odd arc algebra OH n´k k using cohomology of components of the real pn´k, kq-Springer fiber. The multiplication rule is defined by doing a sequence of surgeries on circle diagrams, which gives pullbacks and pushfowards between certain spaces. Thanks to Theorem 4.7, these coincides with the definition using the odd TQFT OF (as in [20] ).
Then, following [27, 32] , we use this construction to define a convolution algebra structure on the components T a of T n´k k (equivalently the components of B n´k k pRq), which agrees with OH n´k k . Moreover, we explain how certain bimodules and maps between them, used in [19] to construct the tangle version of odd Khovanov homology, can also be obtained from a sort of convolution product on some topological spaces, which should coincide with subspaces of Spaltenstein varieties (as in [32] ). Finally, we describe the odd analogue We write b 1 a for the unit in H˚pT b X T a q. Note that we can describe elements in b pOH n´k k q a by dotted circle diagrams. In particular, b 1 a is given by the dot-less diagram of shape ba.
Remark 5.1. In [14] , the arc algebra H n n is Z-graded. This grading is called quantum grading, and is an important ingredient for the Khovanov homology. If we want the quantum graded version of the odd arc algebra, then we can use twice the grading of H˚pT b X T a q (i.e. deg q pX i q " 2) and define b pOH n´k k q a :" H˚pT b X T a qtk´|ba|u. When we refer to the degree |x| of an element x P H˚pT b X T a q, we will refer to its homological degree. We will always write quantum degree or deg q pxq for the quantum grading. we consider the planar diagram cbba where the rays of bb are truncated and separated. For example we could have:
In order to obtain an element in c pOH n´k k q a , we want to turn cbba into a diagram of shape ca. This will be achieved by performing surgeries on the symmetric arcs and rays of bb, turning them into straight line segments connecting c with a. This, in turn, defines continuous maps between certain spaces defined below, corresponding with all the intermediate steps. The multiplication rule is then defined by applying the cohomology functor H˚to this sequence of maps.
For any planar diagram I consisting of pairs of symmetric arcs, pairs of symmetric truncated rays, and of vertical line segments, joining n dots on the bottom to n dots on top, we write pi, jq P I if there is an arc joining the ith dot to the jth one, piq P I if there is a ray at the ith dot, and ris P I if there is a line segment joining the ith bottom point to the top one. In particular bb is such a diagram, with no ris in bb.
Then, we associate the following space to the diagram I:
$ & % px 1 , . . . , x n , y 1 , . . . , y n q P T nˆT nˇx i " x j and y i " y j , if pi, jq P I,
, .
and set c pT I q a :" T I X pT cˆTa q. One can see that c pT I q a is either the empty set or homeomorphic to T |cIa| , where |cIa| is the number of closed components in the planar diagram cIa. In particular |cbba| " |cb|`|ba|, and if Id n consists only of n vertical line segments, then c pT Idn q a -T c X T a . Therefore, we have
H˚p c pT Idn q a qc pOH n´k k q a .
Remark 5.2. In fact, this procedure can be generalized for more general flat tangle diagrams, see Section 5.2 below.
Given I and pr, sq P I, then we consider I 1 given by removing the pair of symmetric arcs joining the rth point to the sth one in I, and replacing them by two vertical segments rrs and rss:
We call this operation an pr, sq-surgery. Then, five different things can happen by going from cIa to cI 1 a, and we assume neither c pT I q a nor c pT I 1 q a are empty:
(1) it merges two different circle components, e.g.
Þ Ñ
and then c pT I 1 q a ãÑ c pT I q a by (up to reordering using τ ) some diagonal map
(2) it splits a circle into two different circle components, e.g.
and then c pT I q a ãÑ c pT I 1 q a , also by a diagonal map ∆;
(3) it spawns a circle component from a strand, e.g.
thus c pT I q a ãÑ c pT I 1 q a by a map 1ˆηˆ1 : c pT I q a -T m Ñ T m`1c pT I 1 q a ;
(4) it opens a circle component, transforming it into an infinite strand, e.g.
and then c pT I 1 q a ãÑ c pT I q a by η; (5) it cuts and reconnects two strands, e.g.
or Þ Ñ or Þ Ñ and then c pT I q ac pT I 1 q a , or at least one of c pT I q a or c pT I 1 q a is empty.
Similarly, the prq-surgery is given by removing two symmetric truncated rays prq, and putting a line segment rrs instead: r Þ Ñ r Then, two things can happen:
(1) it connects two different strands together and thus c pT I q ac pT I 1 q a ;
(2) it closes a strand into a circle component Þ Ñ so that c pT I q a ãÑ c pT I 1 q a by a map η. We fix an arbritrary order on the components of b (i.e. on the rays and arcs). Then, following this order, we apply surgeries on cbba. This gives a sequence of surgeries cbba " cI 0 a Ñ cI 1 a Ñ¨¨¨Ñ cI n´k a " c Id n a » ca, where each time either c pT I ℓ q a ãÑ c pT I ℓ`1 q a or c pT I ℓ`1 q a ãÑ c pT I ℓ q a .
Viewing pT c X T b qˆpT b X T a qc pT I 0 q a and c pT I n´k q a -pT c X T a q as objects in Man Ñ Ð , this chain defines a map
in Man Ñ Ð , after choosing arbitrary orientations for all the involved spaces.
We let the multiplication in OH n´k k be given by
Note that this multiplication law depends on a lot of choices (order for the surgeries and choices of orientations). Also, there are a priori no reason for it to be associative nor respect the quantum grading. By Theorem 4.7, we know the definition above coincides for OH n n with the definition of the odd arc algebra in [20] , with the choice of orientation for the splitting cobordism given by the choice of fundamental classes. Thus, it means the choice of order for doing the surgeries also influence the definition of the multiplication rule only up to a global sign, thanks to the results in [20] and [22] (which generalize easily to the pn´k, kq-case).
Again, in contrast with the even case [27, 32] , there are no reason to choose one sign convention over one another. Hence, in the same spirit as [20] , we consider the whole collection of odd arc algebras, indexed by all choices of signs. Concretely, there are two possible choices for each triple pc, b, aq. In all cases, it yields a non-associative (quantum grading preserving) multiplication rule. It becomes graded associative (also called quasiassociative) when working in a right monoidal category, as in [20, 19] (this can easily be seen from the perspective of platforms from [7] for the pn´k, kq-case).
5.1.2.
Convolution algebra. The composition rule of Section 5.1.1 can also be understood as a certain convolution product using ideas from Stroppel-Webster [27] .
For c, b, a P B n´k k , the inclusions of T c X T b X T a in the three different spaces T b X T a , T c X T b and T c X T a induce maps on the cohomology:
H˚pT c X T a q.
Then, for any f c,b,a P H˚pT c X T b X T a q, we define a composition law ‹ f c,b,a by
where the map below is given by
Then, for f " tf c,b,a u c,b,aPB n´k k we put ‹ f :"
Theorem 5.3. There exists f " tf c,b,a P H˚pT c X T b X T a qu such that pOH n´k k , ‹ f q is isomorphic to the odd arc algebra defined using OF .
Proof. As observed in [27, Theorem 35] , the sequence of inclusions of Section 5.1.1 can be used to construct an element f c,b,a . Indeed, given closed manifolds as before X
where e is the Euler class of the excess bundle of the intersection (see [8, Proposition 2.6 .47]). Applying this recursively such that we do first all pullbacks and then all pushforwards yields an element f c,b,a P H˚pT c X T b X T a q such that ‹ f c,b,a coincides with the multiplication rule of Section 5.1.1. Then, the result follows from Theorem 4.7.
Note that the choice of sign can be encoded in the choice˘f c,b,a , after having fixed an orientation for all the spaces T b X T a and T c X T b X T a . 5.1.3. Odd center. Following [20] , we define the parity of z P b pOH n´k k q a as ppzq :" |z| mod 2.
Remark 5.4. The parity does not give OH n´k k the structure of a superalgebra since the multiplication rule does not preserve the parity. However, it becomes a genuine grading when using the framework of [19] .
Let
OZpOH It appears that its image coincides with the odd center and we get the following: Proof. Using the same arguments as in the pn, nq-case [20] , which are basically the same as in [15] , using Theorem 3.4 and Proposition 3.7, we obtain OZpOH n´k k q -H˚pT n´k k q. Then, we conclude by Theorem 2.5 . To a flat tangle, we want to associate some (quasi-)bimodule over OH m -OH N , where quasi means it is non-associative, whose action is induced by a convolution-like product.
Let t be a flat tangle connecting m 1 points on the bottom to m 2 points on the top. We order the endpoints from left to right and then top to bottom. We write pi, jq P t if the ith endpoint of t is connected with the jth one. We also write |t| for the number of closed components inside of t. We associate to t the space T t :" px 1 , . . . , x m 2 , y 1 , . . . , y |t| , x m 2`1 , . . . , x m 2`m1 q|x i " x j if pi, jq P t (
Then, we define T bˆt T a :" pT bˆT |t|ˆT a q X T t , for b P B m 2 , a P B m 1 , and
H˚pT bˆt T a q.
Note that there is an homeomorphism T b XT a -T bˆIdn T a where Id n is the identity tangle. Thus, OH n´k k -OF pId n q. Fix an pm 3 , m 2 q and an pm 2 , m 1 q-flat tangles t 2 and t 1 . Define the spaces
a q X T t 2 ;t 1 , for c P B m 3 , b P B m 2 and a P B m 1 . Note that we have canonical inclusions where the images are identified with cerrtain diagonals
Let ı ct 2 b be the map obtained by composition of the inclusion T cˆt 2 T bˆt 1 T a ãÑ T cˆt 2 T bˆT |t 1 | above, followed by a projection on T cˆt 2 T b , and similarly for ı bt 1 a . It yields a (non-associative) composition map
taking the form of a convolution product
H˚pT cˆt 2 t 1 T a q.
H˚pT
that can be obtained from a chain of pullbacks/pushforwards by doing similar surgeries as in Section 5.1.1. In particular, the space OF pT q comes with a (non-associative) OH m 1 -OH m 2 -bimodule structure, which coincides with the multiplication inside of OH n for t " Id n . This also coincides with the bimodules constructed in [19] (and therefore the action is graded associative) thanks to Theorem 4.7. Furthermore, given two flat tangles t and t 1 related by a surgery, we have (up to exchanging the role of t and t 1 ) a canonical inclusion ∆ : T bˆt 1 T a ãÑ T bˆt T a , which in turns gives, by taking pullbacks and pushforwards, bimodules maps
Note that in general the map OF ptq Ñ OF pt 1 q is a mix of pullbacks and pushfowards, depending on the closure b and a. Again, thanks to Theorem 4.7, it coincides with merge and split cobordisms for OF , and thus gives the maps used to construct odd Khovanov homology (also for tangles as in [19] ), after fixing the signs using some extra information coming from the grading that controls the associativity. We do not know if these choices of signs can be interpreted as coming from a sort of coherent choice of orientation for the involved spaces.
5.3.
The odd algebra OK n´k k . In the even case, the algebra H n´k k admits a quasihereditary cover K n´k k . Its construction follows from the same rules, but allowing other kind of crossingless matchings. These can be interpreted as adding some new subspaces of B n´k k pCq in the machinery. These subspaces correspond to closures of Bialynicki-Birula cells in the paving of the complex Springer fiber, see [27] . We add the odd version of these subspaces in T n´k k in order to construct an odd version of K n´k k . 5.3.1. Weighted crossingless matchings. We follow [27] .
Definition 5.7. A weight sequence of type pn´k, kq is given by sequence of n elements in t^, _u with _ appearing exactly k times. A weighted crossingless matching is the combination of a crossingless matching a on n points (we allow any number of arcs), and a weight sequence λ of type pn´k, kq, such that if we label the endpoints of a by the elements of λ, then any arc in a is bounded by _^, in that order, e.g.
We write W B n´k k for the set of weighted crossingless matchings of type pn´k, kq.
Note that a weighted crossingless matching λa possesses up to k arcs and a least n´2k rays, and thus a P Ů pℓďkq B n´ℓ ℓ . For a weight sequence λ " w 1¨¨¨wn , with w j P t_,^u, and 1 ď i ď n, we write ipλq :" # 1, if w i " _, 0, if w i "^.
To a weighted crossingless matching λa we associate to following subspace of T n´k k : T λa;n´k,k :" " px 1 , . . . , x n q P T nˇxi " x j , if pi, jq P a, x i " p´1q i`ipλq p, if piq P a, * .
As before, we will usually write T λa instead of T λa;n´k,k , assuming it is clear from the context.
Definition 5.8. We say that a weighted crossingless matching is valid if there are no couple of rays with endpoints labeled _^, in that order from left to right. We write W B n´k k for the set of valid weighted crossingless matchings of type pn´k, kq.
Example 5.9. Take n " 4 and k " 1. Then there are four valid weighted crossingless matchings:
corresponding to the spaces tx, x,´p, pu, t´p, x, x, pu, t´p, p, x, xu, t´p, p,´p,´pu.
Given a crossingless matching of type pn´k, kq, one can construct a valid weighted crossingless matching of type pn´k, kq by labeling all cups with _^and all rays with^. Moreover, given such weighted crossingless matchings, one can construct all others valid weighted crossingless matchings of type pn´k, kq by splitting some cups into two rays, and exchanging the corresponding labels _^into^_:
Þ ÝÑ
One can obtain λ 1 a 1 from λa in such a way, if and only if T λ 1 a 1 Ă T λa . Furthermore, given a weight sequence λ of type pn´k, kq, there is a unique way to construct a crossingless matching a such that λa is valid. The procedure consists in looking for adjacent unmatched pairs of _^and connect them by a cup, repeating the operation until there is no more left. Then, we put rays on the remaining points. This means there are exactly`n k˘e lements in W B n´k k . Moreover, it means we can denote elements of W B n´k k by only writing their weight sequence, and thus we will write T λ instead of T λa .
Given two λ, µ P W B n´k k , we are interested in the intersection T λ X T µ . For this, we consider the diagram bµ given by taking the horizontal mirror of b, putting the labels of µ at the bottom endpoints (without reversing them). Then, we consider the diagram bpµλqa given by first forgetting all labels on the endpoints on cups/caps (only keeping labels on rays) and gluing bµ on top of λa. We obtain T λ X T µ " H if two rays are connected in bpµλqa with opposite orientations, considering the cups and caps as reversing the orientation. Otherwise, we have T λ X T µ -T |bpµλqa| , where |bpµλqa| counts the number of circle components in bpµλqa. Note that if we consider elements of B n´k k with their default weight sequence, then this rules is equivalent to the one of not having two ascending/descending rays connected. we consider the planar diagram cpνµqbbpµλqa where the rays of bb are truncated, separated and oriented. Then, we follow exactly the same procedure as Section 5.1.1, with only difference that now truncated rays in I are oriented by µ. Thus, we consider the spaces T I :"
$ & % px 1 , . . . , x n , y 1 , . . . , y n q P T nˆT nˇx i " x j and y i " y j , if pi, jq P I, x i " p´1q i`ipµq p " y i , if piq P I, x i " y i , if ris P I, , .
-, and cν pT I q λa :" T I X pT νˆTλ q. This yields a quantum graded, non-associative convolution algebra by converting the sequence of surgeries to a product pı νλ q ! pf ν,µ,λ ! ıν µ ! ıμ λ q,
obtained from
H˚pT µ X T λ q
H˚pT ν X T µ X S λ q
H˚pT ν X T λ q.
H˚pT ν X T µ q ıμ λ pı νλ q ! ıν µ Again, we actually have a collection of graded-associative algebras OK n´k k depending on the choices of the classes f ν,µ,λ .
